ABSTRACT. Total mean curvature and value-distribution of mean curvature for certain pseudo-umbilical surfaces are studied.
1. Introduction. In the classical theory of surfaces in a euclidean m-space E™, the two most important curvatures are the so-called Gauss curvature G and the mean curvature a. It is well known that the Gauss curvature is intrinsic. The integral of Gauss curvature gives the beautiful Gauss-Bonnet formula, which holds for orientable compact surfaces as well as nonorientable ones, (M) fMGdV=2irx(M),
where ciTand \iM) denote the volume element and Euler-Poincaré characteristic of M For the mean curvature of a compact surface M in Em we have [2,1] (see also [5] ), (1. 2) 5M*2dv>*«-
The equality holds when and only when M is an ordinary 2-sphere in an affine 3-space. It is an interesting problem to improve inequality (1.2) for some special surfaces in Em. In [2, III] the author obtains some results of this problem for surfaces in E4. In this paper we shall study this problem for pseudo-umbilical surfaces in Em (for the definition of pseudo-umbilicity see §2). In particular, we shall prove the following: Theorem 1. Let M be a compact pseudo-umbilical surface in Em with nonnegative Gauss curvature. If we have Then we have (1.4) jMa2dV>2n2.
The equality sign holds if and only if M is a Clifford torus, i.e., M is the product surface of two plane circles with the same radius.
2. Preliminaries. Let x: M -► Em be an isometrical immersion of a surface M in an m-dimensional euclidean space Em and let V and v' be the covariant differentiations of M and E™ respectively. Let X and Y be two tangent vector fields on M. Then the second fundamental form h is given by
It is well known that h(X, Y) is a normal vector field on M and is symmetric on X and Y. Let % be a normal vector field on M ; we write
where -A^(X) and Dx% denote the tangential and normal components of y'x%. Then we have Then (a,,) is an orthogonal matrix of order m -2. Since M is two dimensional and local study of M is sufficient, we may assume that M is covered by an isothermal coordinate (x, v) such that the metric on M has the form ds2 = E(dx2 + dy2). In the following, we shall denote the coordinate vector fields 3/3x and à/dy by A"j and X2 respectively. We put , X2) and Vr,= £riixk> U-1.2. 9.y 9* Hence, by substituting (3.10) and (3.11) into this equation, we find (3.12) 2>r2 -^ = sm 20 --cos 20 -.
Similarly, by multiplying ar2 to (3.9), summing over r, and by using (3.10) and (3.11), we get^ 3a't ™90 • -,"90 Substituting (3.12) and (3.13) into (3.10) and (3.11), we may find 3 In a 30 3 In a 30 (3.14)
3x by ' ay 3* From this we get (32/3x2)ln a + (32/3^2)ln a = 0. Since E = 1, this implies that A In a = 0. Q.E.D.
It shall be remarked that for a pseudo-umbilical surface in ¿T4, the normal connection is always flat.
As an application of Theorem 3, we have the following result concerning about the value-distribution of mean curvature a. (1) the mean curvature a of M takes every value in (0, °°), or (2) the mean curvature a of M takes only one value in (0, °°). If case (2) holds, M is the product of two curves C1 and C2 where Cl is a curve in E" for some «;' 1 < n < m; and C2 is a curve in Em~n so that the first curvatures of Cl and C2 are equal Proof. Since M is flat and complete, M is parabolic in the sense that there exists no nonconstant negative subharmonic function on M. Thus every subharmonic function on M which is bounded from above on M must be a constant function. By Theorem 3, In a is a continuous harmonic function and so a subharmonic and also a superharmonic function on M. Hence, if a does not take every value in (0, °°), then a must be constant. This proves the first part of the theorem. Now, suppose that case (2) holds. Then a is a nonzero constant. From 
